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ABSTRACT
A two-dimensional electrodynamic model is used to study particle acceleration
and non-thermal emission mechanisms in the pulsar magnetospheres. We solve
distribution of the accelerating electric field with the emission process and the
pair-creation process in meridional plane, which includes the rotational axis
and the magnetic axis. By solving the evolutions of the Lorentz factor, and of
the pitch angle, we calculate spectrum in optical through γ-ray bands with the
curvature radiation, synchrotron radiation, and inverse -Compton process not
only for outgoing particles, but also for ingoing particles, which were ignored
in previous studies.
We apply the theory to the Vela pulsar. We find that the curvature radia-
tion from the outgoing particles is the major emission process above 10 MeV
bands. In soft γ-ray to hard X-ray bands, the synchrotron radiation from
the ingoing primary particles in the gap dominates in the spectrum. Below
hard X-ray bands, the synchrotron emissions from both outgoing and ingoing
particles contribute to the calculated spectrum. The calculated spectrum is
consistent with the observed phase-averaged spectrum of the Vela pulsar.
Taking into account the predicted dependency of the emission process
and the emitting particles on the energy bands, we compute the expected
pulse profile in X-ray and γ-ray bands with a three-dimensional geometrical
model. We show that the observed five-peak pulse profile in the X-ray bands
of the Vela pulsar is reproduced by the inward and outward emissions, and the
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observed double-peak pulse profile in γ-ray bands is explained by the outward
emissions.
We also apply the theory to PSR B1706-44 and PSR B1951+32, for which
X-ray emission properties have not been constrained observationally very well,
to predict the spectral features with the present outer gap model.
Key words: pulsars: general – radiation mechanisms:non-thermal
1 INTRODUCTION
The Compton Gamma-Ray Observatory (CGRO) had measured puled γ-ray emissions from
younger pulsars (Thompson 2004). The multi-wavelength observations of the γ-ray pulsars
have shown that the spectra of the non-thermal emissions extend in γ-ray through opti-
cal bands. The observations have also revealed the pulse profiles in optical through γ-ray
bands, and the polarization properties of the pulsed optical emissions from the γ-ray pulsars
(Kanbach et al. 2005; Mignani et al 2007). In the future, furthermore, the polarization of
the X-rays and γ-rays from the pulsars will probably be able to be measured by ongoing
projects (Kamae et al. 2007; Chang et al. 2007). The multi-wave length observations on
the spectrum, the pulse profile and the polarization allow us to perform a comprehensive
theoretical discussion for the mechanisms of the particle acceleration and of the non-thermal
emission in the pulsar magnetospheres.
The particle acceleration and the non-thermal emission processes in the pulsar magne-
tosphere have been mainly argued with the polar cap accelerator model (Sturrock 1971;
Ruderman & Sutherland 1975) and the outer gap accelerator model (Cheng, Ho & Rud-
erman 1986a, 1986b). Also, the slot gap model (Muslimov and Harding 2004), which is an
extension model of the polar cap model, was proposed. All models predict an acceleration of
the particles by an electric field parallel to the magnetic field. In the pulsar magnetosphere,
the accelerating electric field arises in a charge depletion region from the so called Goldreich-
Julian charge density (Goldreich & Julian 1969), and the strong acceleration region in the
magnetosphere depends on th e model. The polar cap and the slot gap models predict a
strong acceleration within several stellar radii on the polar cap, and the outer gap model
predicts a strong acceleration beyond the null charge surface, on which the Goldreich-Julian
charge density becomes zero.
⋆ E-mail: takata@tiara.sinica.edu.tw
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As CGRO had observed, most of the γ-ray pulsars have a double peak structure in the
pulse profile in γ-ray bands. The outer gap model has been successful in explaining the
observed double peak structure (Romani & Yadigaroglu 1995). With the outer gap model,
the double peak structure is naturally produced as an effect of the aberration and the time
delay of the emitted photons by the outgoing particles that move toward the light cylinder,
which is defined by the positions, on which the rotating speed with the star is equal to speed
of the light. The axial distance of the light cylinder is Rlc = c/Ω, where c is the speed of the
light, and Ω is the angular velocity of the neutron star.
Because the Crab pulsar has the pulse profiles with the double peak structure in whole
energy bands, the outer gap model can explain the pulse profiles of the Crab pulsar in
optical through γ-ray bands (Takata & Chang 2007). Furthermore, the outer gap model can
explain the observed spectra, and the polarization characteristics in optical bands for the
Crab pulsar (Cheng et al. 2000; Hirotani 2007; Jia, et al 2007; Takata et al, 2007; Takata &
Chang 2007; Tang et al. 2007). Therefore, the outer gap accelerator model has successfully
explained the results of the multi-wave length observations for the Crab pulsar.
For the Vela pulsar, multi-peak structure in pulse profiles in X-ray, UV and optical bands
have been revealed (Harding et al. 2002; Romani et al. 2005), although the pulse profile in
γ-ray bands has two peaks in a single period (Fierro et al. 1998). For example, Harding et al.
(2002) analysed RXTE data and revealed the pulse profile, which has at least five peaks in a
single period. Because the two peaks in the five peaks are in phase with the two peaks in the
γ-ray bands, the two peaks will be explained by the traditional outer gap model with the
outward emissions from the outer gap. However, because other three peaks are not expected
by the traditional outer gap model, the origin of the three peaks has not been understood,
so far.
The inward emissions emitted by particles accelerated toward stellar surface will give
one possibility to explain the unexpected three peaks of pulse profile in the X-ray bands
of the Vela pulsar. Because the primary particles are produced near the inner boundary of
the gap, the ingoing particles feel a small part of whole potential drop in the gap before
escaping the gap from the inner boundary, although the outward moving particles can feel
whole potential drop before escaping the gap from the outer boundary. In previous studies,
therefore, the contribution of the inward emissions on the spectral calculation has been
ignored by assuming that its flux is much smaller than that of the outward emissions.
However, it will be true only in the γ-ray bands with the curvature radiation. Because
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main emission mechanism in the X-ray bands will be the synchrotron radiation, the inward
synchrotron emissions with a stronger magnetic field will be efficient enough to contribute
on the observed emissions below γ-ray bands. Although the inward emissions have been
consistently dealt in the electrodynamic studies (Takata et al. 2006; Hirotani, 2007), only
the outward emissions were taken into account for computing the spectrum.
In this paper, we calculate the spectrum in optical through γ-ray bands by taking into
account both inward and outward emissions. Specifically, we solve the electrodynamics in
the outer gap accelerator in the two-dimensional plane, which includes the rotational axis
and the magnetic axis. We calculate the spectrum of the curvature radiation, synchrotron
radiation, and inverse -Compton process for the primary and the secondary particles. We
also discuss the expected pulse profiles from optical through γ-ray bands with a three-
dimensional model for comparison with the observations. Furthermore, we apply the theory
to PSRs B1706-44 and B1951+32 to calculate the spectrum, because the properties of optical
and X-ray emissions from the two pulsars have not been understood well.
In section 2, we describe our two-dimensional electrodynamic model following Takata et
al. (2004, 2006). In section 3, we apply the theory to the Vela pulsar, and we discuss the
spectrum and the pulse profile in optical through γ-ray bands. We also show the expected
spectra of PSRs B1706-44 and B1951+32.
2 TWO-DIMENSIONAL ELECTRODYNAMIC MODEL
We consider a stationary structure in the meridional plane, which includes the magnetic axis
and the rotation axis. In the meridional plane, we solve the Poisson equation of the acceler-
ating electric field, the continuity equations for electron and for positron on each magnetic
field line, and the pair-creation process by γ-ray and the surface X-rays (section 2.1). We
assume that new born particles via pair-creation process in the gap is quickly saturated be-
tween the accelerating force and the curvature radiation back reaction force, instead solving
the evolutions of the Lorentz factor and of the pitch angle of the particles. To obtain the
electric structure, the saturation treatment is a good assumption, and simplifies the problem
to obtain a outer gap structure with an iterating method (section 2.2).
In the method described above, however, we can not calculate the synchrotron radiation
of the new born pairs because we do not solve the pitch angle evolution, although the syn-
chrotron radiation is an important emission mechanism in the X-ray regions. With obtained
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electric structure with our dynamic model, therefore, we solve the evolutions of the Lorentz
factor and of the pitch angle of the particles for calculating the synchrotron radiation pro-
cess in the gap (section 2.3). In this paper, we take into account the curvature radiation, the
synchrotron radiation, and the inverse -Compton processes (section 2.4). We consider the
magnetized rotator that an inclination angle α between the rotation axis and the magnetic
axis is smaller than 90◦. We use a dipole magnetic field to solve the structure of the outer
gap.
2.1 Stationary gap structure
The stationary electric potential, Φnco, for the accelerating field is obtained from (Mestel
1999)
△Φnco(r) = −4π[ρ(r)− ρGJ(r)], (1)
where ρ(r) is the space charge density, and ρGJ(r) is the Goldreich-Julian charge density
(Goldreich & Julian 1969), ρGJ = ΩBz/2πc. We assume that the gap dimension in the
azimuthal direction is much larger than that in the meridional plane. Neglecting variation
in the azimuthal direction, we rewrite equation (1) as
△r,θΦnco(r) = −4π[ρ(r)− ρGJ(r)], (2)
where △r,θ represents (r, θ)-parts of the Laplacian.
The continuity equations for the particles is written as
B · ∇
(
v||N±(r)
B
)
= ±S(r), (3)
where v|| ∼ c is the velocity along the field line, S(r) is the source term due to the pair-
creation process, and N+ and N− denote the number density of the outgoing and ingoing
particles (i.e. the positrons and electrons in the present case), respectively. In the outer gap
accelerator, γ +X → e+ + e− process is the main pair-creation process, and contributes to
the source term S(r) in equation (3). The pair-creation rate is calculated from
ηp(r, Eγ) = (1− cos θXγ)c
∫ ∞
Eth
dEX
dNX
dEX
(r, EX)σp(Eγ , EX),
where dEX · dNX/dEX is the X-ray number density between energies EX and EX + dEX ,
θXγ is the collision angle between an X-ray photon and a γ-ray photon, Eth = 2(mec
2)2/(1−
cos θXγ)Eγ is the threshold X-ray energy for the pair creation, and σp is the pair creation
cross-section, which is given by
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σp(Eγ , EX) =
3
16
σT (1− v2)
[
(3− v4) ln 1 + v
1− v − 2v(2− v
2)
]
, (4)
where
v(Eγ, EX) =
√√√√1− 2
1− cos θXγ
(mec2)2
EγEX
,
and σT is the Thomson cross section. In the gap, the GeV photons collide with the thermal
X-ray photons from the stellar surface. At the radial distance r from the centre of the star,
the thermal photon number density between energy EX and EX + dEX is given by
dNX
dEX
= 2π
(
1
ch
)3 (Reff
r
)2 E2X
exp(EX/kTs)− 1 , (5)
where Reff is the effective radius of the emitting region, and kTs refers to the surface
temperature. For the values of Reff and Ts, the observed ones are used. Because the γ-ray
photons are emitted in direction of velocity of the particles, the collision angle is estimated
from cos θXγ = v||Br/cB, where Br is the radial component of the magnetic field.
To calculate the source term S(r) in equation (2) at each point, we simulate the photon-
photon pair-creation process with Monte Carlo method as described in Takata et al (2006).
Specifically, a γ-ray may convert into a pair at the distance s with the probability that
Pp(s) =
∫ s
0 1/lpds
lp
, (6)
where lp = c/ηp is the mean-free path of the pair-creation. We determine the pair-creation
position following the probability of equation (6).
Most of GeV photons are emitted via the curvature process of the electrons and the
positrons with the Lorentz factor of ∼ 107.5. The power per unit energy of the curvature
process is written as
Pc(Rc,Γ, Eγ) =
√
3e2Γ
hRc
F (x), (7)
where x ≡ Eγ/Ec,
Ec =
3
4π
hcΓ3
Rc
, (8)
and
F (x) = x
∫ ∞
x
K5/3(t)dt, (9)
where Rc is the curvature radius of the magnetic field line, Γ is the Lorentz factor of the
particles, K5/3 is the modified Bessel function of the order 5/3, h is the Planck constant,
and Ec gives the characteristic curvature photon energy.
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We assume the saturated motion to obtain the stationary electric field structure. By
assuming that the particle’s motion immediately saturates in the balance between the electric
and the radiation reaction forces, the Lorentz factor at each point is calculated from
Γsat(Rc, E||) =
(
3R2c
2e
E|| + 1
)1/4
. (10)
2.2 Boundary conditions
To solve the Poisson equation (2), we impose the boundary conditions on the four boundaries,
which are called as inner, outer, upper and lower boundaries. The lower and upper boundaries
are laid on the magnetic surfaces, and the lower boundary is defined by the last -open field
line. The inner and the outer boundaries are defined by the surfaces on which the accelerating
electric field is vanishes, that is, E|| = 0.
We anticipate that the inner, upper, and lower boundaries are directly linked with the
star without the potential drop. We then impose that the accelerating potential is equal to
zero, that is Φ = 0, on the inner, upper and lower boundaries. We note that the position
of the inner boundary is not free because the Dirichlet- and Neumann-type conditions are
imposed on it. By moving the inner boundary step by step iteratively, we seek the boundary
that satisfies the required conditions.
As demonstrated in Takata et al. (2004), the inner boundary, which is satisfied the
required conditions, comes to the position, on which the condition that jg + j2− j1 = Bz/B
is satisfied, where jg is the current in units of the Goldreich-Julian value carried by the
pairs produced in the gap, j1 is the current carried by the positrons coming into the gap
through the inner boundary and j2 is the current carried by the electrons coming into the
gap through the outer boundary. We find that if there is a current in the outer gap, the
inner boundary is shifted from the null charge surface, where is the inner boundary for the
vacuum gap, jg = j1 = j2 = 0. Total current in unit of the Goldreich-Julian charge density
is described by jtot = jg+j1+j2 and is constant along a field line. The model parameters are
the current (j1, j2, jg) and the inclination angle α. A more detail discussion on the boundary
conditions and the model parameters is seen in Takata el al. (2004,2006).
2.3 Particle motion
To compute the synchrotron radiation with the pitch angle, we use the electric field distribu-
tion in the outer gap obtained by the method described in section 2.1 to solve the equation of
c© 2002 RAS, MNRAS 000, 1–26
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motion, which describes the evolutions of the pitch angle of the particle. For the Vela pulsar,
the inverse -Compton process is less significant for energy loss of the particles than the syn-
chrotron and curvature radiation. The momenta of the parallel (P||/mec =
√
Γ2 − 1 cos θp)
and perpendicular (P⊥/mec =
√
Γ2 − 1 sin θp) to the magnetic field are, respectively, de-
scribed as (Harding et al. 2005; Hirotani 2006)
dP||
dt
= eE|| − Psc cos θp, (11)
and
dP⊥
dt
= −Psc sin θp + c
2B
dB
ds
P⊥, (12)
where θp is the pitch angle, Psc represents the radiation drag of the synchrotron and curvature
radiation, and the second term on the right hand side on equation (12) represents the
adiabatic change along the dipole field line. The radiation drag, Psc, of the synchrotron-
curvature radiation is described by (Cheng & Zhang 1996),
Psc =
e2cΓ4Q2
12rc
(
1 +
7
r2cQ
2
2
)
, (13)
where
rc =
c2
(rB +Rc)(c cos θp/Rc)2 + rBω
2
B
, (14)
Q22 =
1
rB
(
r2B + RcrB − 3R2c
R3c
cos4 θp +
3
Rc
cos2 θp +
1
rB
sin4 θp
)
(15)
rB =
Γmec
2 sin θp
eB
, ωB =
eB
Γmec
. (16)
We solve the equations of the motion, (11) and (12), up to the light cylinder for the outgoing
particles (positrons) and to the stellar surface for the ingoing particles (electrons). The
initial pitch angle of the new born pairs is determined by the angle between the propagating
direction of γ-rays and the direction of the magnetic field at the pair-creation point.
2.4 Spectra of radiation processes
We calculate the curvature radiation, synchrotron radiation and inverse -Compton process.
The power of the synchrotron-curvature process for a particle is calculated from (Cheng &
Zhang 1996),
dP
dE
=
√
3e2ΓE
4πrcEc
{[∫ ∞
ω/ωc
K5/2(y)dy −K2/3(ω/ωc)
]
+
[(rB +Rc)(c cos θp/Rc)
2 + rBω
2
B
c4Q22
[∫ ∞
ω/ωc
K5/2(y)dy +K2/3(E/Ec)
]}
. (17)
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Very high-energy γ-rays are produced by the inverse -Compton process. The emissivity
of the inverse -Compton process for a particle is calculated from (Takata & Chang 2007)
dPin
dEdΩ
= D2
∫ θc
0
(1− β cos θ0)Ib/h dσ
′
dΩ′
dΩ0, (18)
where θ0 is the angle between the directions of the particle motion and the propagating
direction of the background photon, D = Γ−1(1−β cos θ1)−1 with θ1 being the angle between
the directions of the particle motion and the propagating direction of the scattered photons.
The angle θc = sin
−1R∗/r, with R∗ being stellar surface, expresses the size of the star seen
from the point r, dΩ0 is the solid angle of the background radiation. The differential cross
section is given by the Klein-Nishina formula
dσ′
dΩ′
=
3σT
16π
(
ǫ′1
ǫ′0
)2 (
ǫ′1
ǫ′0
+
ǫ′0
ǫ1
− sin2w′
)
, (19)
where ǫ′0 and ǫ
′
1 are the energy of the background and the scattered photons in units of the
electron rest mass energy, respectively, in the electron rest frame, and they are connected
each other by ǫ′1 = ǫ
′
0/[1 + ǫ
′
0(1− cosw′s)]. The scattering angle w′ is defined by
cosw′ = sin θ′0 sin θ
′
1 cos(φ
′
0 − φ′1) + cos θ′0 cos θ′1 (20)
where θ′0 and θ
′
1 are the polar angle of the propagating direction of the background and
the scattered photons, respectively, measured from the particle motion in the electron rest
frame, φ′0 and φ
′
1 are the azimuthal directions of the photons.
In the present model, we adopt the surface thermal emission as the background field of
the inverse -Compton process. In such a case, the intensity Ib is described by the Planck
distribution that
Ib(EX) =
2E3X/h
2c2
exp(EX/kTs)− 1 . (21)
We calculate the emissions from the following four different kind of electron and positron,
(i) primary particles, which are created inside the gap, and are accelerated up to ultra-
relativistic energy;
(ii) secondary particles created outside the gap via the photon-photon pair-creation pro-
cess by the surface thermal X-ray photons;
(iii) secondary particles created outside the gap via the photon-photon pair-creation pro-
cess by the magnetospheric non-thermal X-ray photons;
(iv) secondary particles created outside the gap via the magnetic pair-creation.
For the magnetic pair-creation, we assume that γ-ray photons are converted into the pairs
c© 2002 RAS, MNRAS 000, 1–26
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Figure 1. Left; The geometry of the outer gap accelerator. The solid line is the boundary of the gap. The dashed line show the
last -open line. For the dotted line, the condition that Bz = 0.26B is satisfied. Right; The trans-field structure of the current.
The insinuation angle is α = 65◦.
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Figure 2. Evolution of the Lorentz factor of the outgoing positrons (the left panel) and the ingoing electrons (the right panel)
along a magnetic field line. The dashed, dotted and dashed-dotted line are for the particles produced near the inner boundary,
produced the middle of the gap and produced near the outer boundary, respectively. The solid lines show the distribution of
the accelerating electric field along the field line.
at the point, on which the condition that EγB sin θp/Bcr = 0.2mec
2 (Muslimov & Harding
2003) is satisfied, where Bcr = 4.4× 1013 Gauss is the strength of the critical magnetic field.
The TeV photons emitted by the inverse -Compton process also produce the secondary
pairs. Because the flux of the TeV radiation is much smaller than the flux of GeV radiation
(Figure 3), we ignore the emissions for the pairs produced by the TeV photons.
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3 RESULTS
3.1 The Vela pulsar
In this section, we apply the theory to the Vela pulsar. With the outer gap model, Romani
& Yadigaroglu (1995) used α ∼ 65◦ to produce the pulse profile of the γ-ray emissions
from the Vela pulsar. This inclination angle will be consistent with the inclination angle
α ∼ 60◦ for fitting the polarization swing of the radio emissions (Krishnamohan & Downs
1983). In this paper, we adopt α = 65◦ to the Vela pulsar. For the thermal emissions
from the stellar surface, we use the temperature kTs = 0.1 keV with the effective radius
Reff = 4.4(d/0.25 kpc)
2 km (Manzali et al. 2007). We assume a small injection of the
particles through the boundaries with j1 = 10
−5 and j2 = 0. In such a case, the total current
is carried by the pairs created inside the gap, that is, jtot ∼ jgap. In this paper, we show the
outer gap structure that extends from near the stellar surface.
3.1.1 Outer-gap structure
Figures 1 summarises the outer gap geometry in the magnetosphere and the current in the
gap. Figure 1 (the thick solid line in the left panel) shows the boundary of the outer gap.
In side of the thick solid line, the particles are accelerated along the magnetic field lines.
The dashed line in the figure shows the last -open field line. The trans-field distribution
of the current is shown in Figure 1 (right). The abscissa refers the current in unit of the
Goldreich-Julian value, ΩB/2π, and the vertical line represents the height measured from
the last -open field line. For example, we can read from the figure that about 26% of the
Goldreich-Julian current runs through the gap at the height of the 60% of the thickness
measured from the last -open field line.
As discussed in Takata et al. (2004, 2006), the inner boundary with a small particle
injections is located at the position, on which Bz = jgB is satisfied. For example, if jg = 0,
that is, if the gap is vacuum, the inner boundary comes to the position, on which Bz = 0,
and therefore the null charge surface becomes the inner boundary of the gap. If there is the
pair-creation in the gap, on the other hand, the inner boundary is shifted toward the stellar
surface due to the current.
The sub-panel in the left panel of Figure 1 zooms the region around the inner boundary.
The dotted line in the figure shows the position, on which the condition Bz = 0.26B, where
jg = 0.26 is the maximum current in the outer gap , is satisfied. We can see that the cusp of
c© 2002 RAS, MNRAS 000, 1–26
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the inner boundary, where the maximum current runs through on the field line, is located on
the dotted line. Thus, the outer gap can extend near the stellar surface with a large current.
3.1.2 Particle motion
Figure 2 summarizes the distribution of the accelerating electric field and the evolutions of
the accelerated particles along the field line, which penetrates the outer gap at the height
of 50% of thickness. The left and the right panels show the evolutions of the Lorentz factors
of the outgoing and ingoing particles, respectively, and represent for the three kinds of the
particles, which are produced near the inner boundary (the dashed line), middle of the gap
(the dotted line) and near the outer boundary (the dashed-dotted line). The solid lines in
the figure show the distribution of the strength of the accelerating electric field along the
field line.
For example, a positron produced middle point of the gap (Figure 2, the dotted line
in the left panel) is outwardly accelerated by the electric field, and is immediately boosted
above 107 on the Lorentz factor. This positron escapes from the outer gap around r ∼ 0.7,
where the accelerating field vanishes. Because there is no accelerating electric field outside
the gap, the particles loose their energy via the curvature radiation. Because the cooling
length of the curvature radiation, lcool/Rlc ∼ 1.6(Rc/Rlc)2(Γ/107)−3(Ω/100s−1)−1, becomes
comparable with the light radius at the Lorentz factor of Γ ∼ 107, the particles escape from
the light cylinder with the Lorentz factor of Γ ∼ 107. If the particle was not accelerated above
Γ ∼ 107 inside the gap such as the positrons produced near the outer boundary (Figure 2,
the dashed-dotted line in the left panel), the Lorentz factor of the particles does not change
very much between the outer boundary and the light cylinder.
An electron produced middle of the gap ( Figure 2, the dotted line in the right panel) is
inwardly accelerated by the electric field, and are also immediately boosted above 107 on the
Lorentz factor in the gap. The accelerated electrons significantly loose their energy near and
outside the inner boundary due to the curvature radiation. This is because the curvature
radius near the stellar surface is about Rc ∼ 107 cm, and therefore the radiation drag force
near the stellar surface is strong so that the cooling length is much shorter than light radius,
if the Lorentz factor is larger 107. The primary electrons reach the stellar surface with the
Lorentz factor of Γ ∼ 106.
c© 2002 RAS, MNRAS 000, 1–26
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Figure 4. Spectrum of the Vela pulsar. Left; Spectra of the the curvature (the solid lines) and synchrotron (the dashed
lines) radiation from the primary particles. The thick and thin lines show the emissions from the outgoing particles and
ingoing particles, respectively. Right; Spectra of the synchrotron radiation of the secondary particles. The dashed line show
the synchrotron spectra of the pairs produced by the pair-creation process by the magnetospheric X-rays. The dashed-dotted
lines are the spectra of the pairs produced by the pair-creation process with surface thermal X-rays. The dotted line shows the
spectra of the secondary pairs produced via the pair-creation process with the strong magnetic field. The thick and thin lines
show the emissions from the outgoing particles and ingoing particles, respectively.
3.1.3 Spectrum
Figure 3 shows the calculated spectrum from the optical through TeV bands. Figure 3 (the
solid line) shows the spectrum of the total emissions, which include the curvature and the
synchrotron radiation from the primary and the secondary particles. The dashed line is the
inverse -Compton spectrum of the primary particles. The observational data of the phase-
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averaged spectrum are also plotted. We find that the calculated spectrum is consistent with
the observations in whole energy bands.
In Figure 4, we decompose the total spectrum (Figure 3, the solid line) into the com-
ponents of the primary particles (the left panel) and of the secondary particles (the right
panel). In the left panel, the solid lines and the dashed line show the spectra of the curvature
radiation and the synchrotron radiation of the primary particles, respectively. The thick line
and the thin line represent the spectra of the outward emissions for the outgoing positrons
and of the inward emissions for the ingoing electrons, respectively.
For the outward emissions of the primary particles, we can see that the ratio of the
radiation powers of the curvature radiation Pc (Figure 4, the thick solid line in the left
panel) and the synchrotron radiation Ps (Figure 4, the thick dashed line in the left panel)
is about Pc/Ps ∼ 103. The perpendicular momentum to the magnetic field lines quickly
decreases via the synchrotron radiation, and its cooling length is much shorter than the gap
width. Therefore the synchrotron radiation from the primary particles are efficient only near
the pair-creation position, which is around the inner boundary of the gap. On the other
hand, the outward curvature radiation of the outgoing particles takes place at whole outer
gap, because the particles are always accelerated by the electric field in the gap. In such
a case, the ratio of the total powers is estimated with Pc/Ps ∼ (2e2Γ4δs/R2c)/mc2Γ⊥ ∼
2 ·103(Γ/107)4(Γ⊥/103)−1(δs/0.5Rlc), where δs is the gap width. This estimated value Pc/Ps
explains the ratio between the calculated fluxes of the outward curvature emissions and of
the synchrotron emissions. Although the total power of the outward synchrotron radiation is
smaller than that of the curvature radiation, the emissions become important below 1 MeV
bands as Figure 4 (the thick dashed line in the left panel) shows.
For ingoing primary electrons (Figure 4, the thin lines in the left panel), the travel
distance in the gap before escaping from the inner boundary is much shorter than the gap
width, because the most pairs are produced near the inner boundary. And, because the
maximum Lorentz factor of the ingoing electrons is Γ ∼ 107, which is smaller than that
of the outgoing positrons, the ratio of the radiation powers Pc/Ps becomes about unity as
Figure 4 (the thin solid and dashed lines in the left panel) shows.
With Figure 4 (the right panel), we show the spectra of the synchrotron emissions for
three kinds of the secondary pairs; the dashed lines show the spectra for the secondary
pairs produced by the magnetospheric X-rays, the dashed-dotted lines represent the spectra
for the pairs produced by the surface X-rays, and the dotted line shows the spectrum for
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the pairs produced via the magnetic pair-creation process. The thick and thin dashed lines
represent the synchrotron spectra from the outgoing and ingoing moving pairs, respectively.
As Figure 4 (the dashed-dotted lines) shows, the synchrotron emissions from the outgoing
pairs produced by the surface X-rays are much fainter than that from the ingoing particles.
For the outwardly propagating γ-rays, the pair-creation process by the surface X-ray occur
with tail-on-like collision, that is, 1−cos θXγ ≪ 1. For the ingoing propagating γ-rays, on the
other hand, the pair-creation process by the surface X-ray occur with head-on-like collision,
that is, 1 − cos θXγ ∼ 2. This difference of the collision angle produces a large difference
in the mean free path so that the mean-free path of the outgoing γ-rays is much longer
than that of the ingoing γ-rays. Because a smaller number of the outgoing secondary pairs
than that of the ingoing secondary pairs are produced by the surface X-rays, the flux of the
synchrotron emissions for the outgoing pairs is much fainter than that for the ingoing pairs.
For the secondary pairs produced by the magnetospheric X-ray photons, on the other
hand, the total energy of synchrotron emissions for the outgoing particles is much larger than
that for the ingoing particles (Figure 4, the dashed lines in the right panel). Because the
collision angles with the magnetospheric X-ray are not difference between the outer outgoing
and ingoing γ-ray photons, the difference of number of the created pairs originates from the
difference of the number of the γ-ray photons. Because the outgoing γ-rays is more than
that the ingoing γ-rays as Figure 4 (the left panel) shows, more outgoing secondary pairs
is produced than the ingoing secondary pairs. Therefore, the synchrotron emissions for the
outgoing secondary pairs produced by the magnetospheric X-rays are brighter than that for
the ingoing secondary pairs. This will be the main reason of the fact that the Crab pulsar
has the double peak pulse profile structure in whole energy bands (section 4.3).
Using Figure 4, we know which emission process is important in the spectrum in different
energy bands. Above 10 MeV, we see that the curvature radiation of the outgoing primary
particles (Figure 4, the thick solid line in the left panel) dominates other emission processes,
and explains the EGRET observations, as previous studies discussed (Romani 1996; Takata
et al. 2006). We find that between 100 keV and 10 MeV bands, the synchrotron radiation
of the ingoing primary particles (Figure 4, the thin dashed line in the right panel) is ma-
jor emission process. In soft X-ray bands, the synchrotron emissions for both ingoing and
outgoing particles, and of both primary and the secondary particles all contribute to the
calculated spectrum to explain RXTE observations, as Figure 4 shows. In optical bands, the
synchrotron emissions for the secondary pairs (Figure 4, right) explain the observations.
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Figure 5. Emission region projected onto (ξ,Φ)-plane for the magnetic surface, which has a polar angle of θp(φ) = 0.95θl(φ)
on the stellar surface. An inclination angle is α = 65◦ and the emission region extends from rin = 0.5rn to r = Rlc. and extends
around the rotation axis with the azimuthal of of 180◦. The solid lines and the dashed lines corresponding to the outward
emissions and the inward emissions, respectively. The thick solid circles show the points of the radial distance r = 0.05Rlc
(section 3.1.4)
This energy dependency of the emission processes in the spectrum of the Vela pulsar is
quite different from the emission mechanism of the Crab pulsar, of which the synchrotron self
inverse Compton process of the outgoing secondary pairs always dominate other emission
processes (section 4.3). Unlike the double-peak pulse profile in whole energy bands of the
Crab pulsar, therefore, we expect that the properties of the pulse profile, such as the peak
position and number of the peaks in a single period, depend on the energy bands.
3.1.4 Pulse profile
In this section, we discuss the expected pulse profiles in γ-ray bands, in soft X-ray bands,
and in optical/UV bands with a three-dimensional model. To adopt a more consistent three-
dimensional geometry of the emission region, we use the solved two-dimensional gap struc-
ture (Figure 1, the left panel) presented in previous sections. As Figure 1 shows, the inner
boundary of the outer gap is located at the radial distance rin ∼ 0.5rn, where rn is the radial
distance to the inner boundary, and is ∼ 0.1Rlc. Then, we assume the three-dimensional gap
structure that the inner boundary on every field line, which penetrates the outer gap, is
located at the position satisfied the radial distance rin(φ) ∼ 0.5rn(φ). Because the radial
distance to the null charge surface varies with the azimuth φ, the radial distance to the inner
boundary also varies with the azimuth. The lower boundary of the three-dimension gap is
defined by the surface of the last -open field lines. For the upper boundary, we assume the
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Figure 6. Pulse profile for the Vela pulsar. Left; Expected pulse profile in γ-ray bands by the outward emissions. Right;
Expected pulse profile in X-ray bands. The solid line represents the pulse profile by the outward emissions. The dashed and
the dotted line show the pulse profiles by the inward emissions of outside and inside of the null charge surface, respectively.
magnetic surface, of which the polar angle θp on the polar cap is θu(φ) = 0.9θl(φ), where
θl is the polar angle of the last -open field lines. We assume that the outer gap expands
around the rotational axis with the azimuthal angle of 180◦. We note that in this paper we
discuss the peak positions, which do not depend the emissivity distribution very well, in the
pulse profile by ignoring the distribution of the emissivity. Although we need a more detailed
model, which deals the three-dimensional distribution of electric field and of emissivity, to
discuss the phase-resolved spectra with the pulse profile, the study of the phase-resolved
spectrum is beyond the scope of this work.
We can anticipate that the emission direction in the observer frame is coincide with
the particle motion. For example, the particle motion along the field lines in the north
hemisphere, is described by v = ±v0b + vcoeφ, where the plus (or minus) sign represents
the outgoing (or ingoing) particles, β0 is the velocity along the magnetic field line and is
determined by the condition |v| = c, b is the unit vector of the magnetic field, for which
we adopt a rotating dipole field in the observer frame, vco is the co-rotating velocity, and
eφ is the unit vector of the azimuthal direction. To compute the pulse profile, the emission
direction, n ≡ v/c, is interpreted in terms of the viewing angle ξ = nz and the pulse phase
Φ = −φe−n ·re/Rlc, where φe and re is the azimuthal direction of and the radial distance to
the emission point, respectively. Figure 5 shows the emission regions projected onto (ξ,Φ)-
plane, where we adopt an inclination angle of α = 65◦. We choose the magnetic surface, of
which the polar angle of the footpoint on the stellar surface is given as θ(φ) = 0.95θl(φ).
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The solid lines in Figure 5 are corresponding to the outward emissions, and the dashed lines
are corresponding to the inward emissions. We can expect that the inward emissions also
make peaks in the pulse profile; for example, the peaks due to the inward emissions appear
around 0.5 phase and 0.9 phase for the observer with the viewing angle of ξ ∼ 100◦.
We discuss the expected pulse profile for each energy band. According to Figure 4, only
outward curvature emissions contribute to the spectrum above 10 MeV. To calculate the
pulse profile in γ-ray bands, therefore, we take into account the only outward emissions,
which take place from the inner boundary to the light cylinder. Figure 6 (the left panel)
shows the expected pulse profile in γ-ray bands with the viewing angle ξ ∼ 97◦. Because
only outward emissions contribute to the emissions, we obtain double peak pulse profile, as
previous studies have proposed (Romani & Yadigaroglu 1995; Romani 1996).
Unlike above 10 MeV, both outgoing and ingoing particles contribute to the spectrum of
around 1 keV with the synchrotron emissions as Figure 4 shows. The right panel of Figure 6
shows the pulse profile, which includes both outward and inward emissions. For the inward
emissions, we restricted the radial distance of the emission region with rs < r 6 3rn, where
the upper boundary 3rn comes from the results of the dynamic model, in which very few
ingoing pairs are produced beyond the radial distance r > 3rn. We expected that the pulse
positions of the outward synchrotron emissions are aligned with the phase of the peak above
10 MeV (OP1 and OP2 in Figure 6). The dashed line and the dotted line represent the pulse
positions of the inward emissions beyond and below the null charge surface, respectively. As
the dashed line shows, the inward emissions beyond the null charge surface make another
two peaks, which are denoted with IP1 and IP2 in the figure, and the inward emissions below
the null charge surface make one peak, which is denoted with IP3. Therefore, the present
model predicts a multi-peak structure of the pulse profile in X-ray bands for the Vela pulsar.
We compare the expected peak phases in X-ray bands with the observed peak phases
by RXTE (Harding et al. 2002), which indicates five peaks in a single period. In RXTE
observations, the phase of the two peaks, which are denoted Pk 1 and Pk 2-soft in figure 1
in Harding et al. (2002), are aligned with the phases of the two peaks in the γ-ray bands.
With the present model, these two components of RXTE are explained by the synchrotron
radiation of the outgoing particles, which produce two peaks (OP1 and OP2) relating with
the γ-ray pulse profiles. The observed other two peaks, which are denoted Pk 2-hard and
Pk 3 in figure 1 in Harding et al. (2002), are corresponding to the model peaks denoted with
IP1 and IP2, which come from the synchrotron emissions of the ingoing particles beyond the
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null surface. Remarkably, the present model produces the observed phase-separation (∼ 0.4)
of the two peaks.
RXTE Pk4 in Harding et al. (2002) will be explained by the inward synchrotron emissions
below the null charge surface, which creates a peak (denoted with IP3) in Figure 6. RXTE
observations show that the phase of Pk4 is aligned with the phase of the radio pulse. The
present model also expect that the phase of the IP3 is close to the phase of the radio peak.
Polarization studies for the observed radio emissions from the young pulsars indicate that
the emission hight of the emission is between 1 and 10 per cent of the light cylinder radius
(Johnston & Wesberg 2006). For the inclination angle α = 65◦, because the radial distance
to the null charge surface on the last open filed lines in the meridional plane is about 10 per
cent of the light cylinder, the radio emission region will be located near or below null charge
surface for the Vela pulsar. For example, if the radio emissions are occurred at the radial
distance that 5 per cent of the light radius, the radio pulse will be observed at the pulse
phase of Φ ∼ 1 for the observer with the viewing angle ξ ∼ 97◦, as the thick solid circles in
Figure 5 show. Therefore, there is a possibility that we observe the pulse peak (IP3) from
the inward emissions below the null charge at the phase aligned the phase of the radio peak.
Although the predicted phase-separation between IP2 and IP3 is smaller than the observed
phase-separation of RXTE Pk3 and Pk4, it may be because the real magnetic field structure
around the neutron star will not be exactly described by the rotating dipole field, which was
assumed in the present paper.
The pulse peaks, whose phases are in phase with the two-peaks in X-ray band (RXTE
Pk 1 and Pk 2-soft in Harding et al. 2005) and in γ-ray bands (OP1 and OP2 in Figure 6),
disappear in optical/UV bands (Romani et al. 2005). Furthermore, a new peak in optical/UV
bands is observed at the phase between the phases of OP1 and of OP2 of Figure 6. We argue
that the two peaks related with the higher energy emissions disappear because the primary
particles do not contribute to the emissions in optical/UV bands, as Figure 6 (left) shows.
The emissions from the secondary pairs take place at higher altitude than the altitude of
the primary emission regions. In such a case, the phases of the pulse peaks of the outgoing
secondary pairs is shifted inside the phases of the peaks produced by the outgoing primary
particles. This may be reason for the shift of the observed first peak in optical/UV bands.
In summary of this section, we have calculated the phase averaged spectrum of the Vela
pulsar with the two-dimensional electrodynamic outer gap model, and we have explained the
observations in optical to γ-ray bands. We found that both emissions from the outgoing and
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Figure 7. The spectrum of PSR B1706-44. The solid line shows the spectrum of the total emissions, which include the
synchrotron and the curvature radiations from the outgoing and ingoing particles. The dashed line shows the spectrum of the
inverse -Compton process of the primary particles. The observation data are taken from Chakrabarty & Kaspi (1998) for optical,
Gotthelf et al. (2002) for CHANDRA, Carramin˜ana et al. (1995) for COMPTEL and Thompson et al. (1996) for EGRET.
ingoing parities are required to explain the observed spectrum. The present model predicts
that the curvature radiation of the outgoing primary particles is the major emission process
above 10 MeV, the outward and inward synchrotron emissions for the primary and secondary
particles contribute to the emissions in X-ray bands, and the synchrotron radiation of the
secondary particles explains the optical/UV emissions. We also calculated the pulse profile
with a three-dimensional outer-gap model. The present model predicts the multi-peak pulse
profile of RXTE observations with the outward and inward emissions.
3.2 PSR B1706-44
In this section, we apply the model to PSR B1706-44. PSR B1706-44 is the twin of the
Vela pulsar. The magnetic field strength on the stellar surface and the spin down age of
the PSR B1706-44 are similar to the Vela pulsar. However, the spectral behavior above the
spectral energy peaks observed by the EGRET are different. The EGRET spectrum of the
PSR B1706-44 extends above 10 GeV bands from the energy peak, ∼ 1 GeV, with a larger
spectral index than that of the Vela pulsar. In the X-ray bands, although CHADRA and
XMM-Newton observations have detected the non-thermal emissions, the emission mech-
anism has not been discussed in detail. Because the inclination angle is not constrained
well for this pulsar, we adopt an inclination angle of α = 65◦ of the Vela pulsar. For the
surface X-ray emissions, we apply the temperature kTs = 0.14 with the effective radius
Reff ∼ 4(d/2.5 kpc)2 km (Gotthelf et al. 2002).
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Figure 8. The spectrum of PSR B1951+32. The solid line shows the spectrum of the total emissions, which include the
synchrotron and the curvature radiations from the outgoing and ingoing particles. The dashed line shows the spectrum of the
inverse -Compton process of the primary particles. The observation data are taken from Kulkarni (1988) for optical, Safi-Harb
et al. (1995) for ROSAT, Chang & Guo (2000) for ASCA and RXTE, Kuiper et al. (1998) for COMPTEL, Ramanamurthy et
al. (1995) for EGRET, and Albert et al. (2007) for Whipple and MAGIC.
Figure 7 shows the spectrum of the total emissions, which include the emissions for the
primary and the secondary particles. The solid line shows the spectrum of the synchrotron
and curvature radiation, and the dashed line represents the spectrum of the inverse -Compton
process. As the solid line shows, the calculated X-ray emissions explain the flux of CHAN-
DRA observations but the predicted spectral index s ∼ 0.5, which is defined by Iν ∝ ν−s,
does not explain the index s ∼ 1 of CHANDRA observation. However, the present model
is consistent with XMM-Newton observation of PSR B1706-44, which indicates the spectral
index of s ∼ 0.5 (McGowan et al. 2004).
In γ-ray bands, the predicted spectrum explains the EGRET observations below 1 GeV
very well. However, the observed spectral slope above 1 GeV is not explained by the present
model, which predicts the exponential decrease of the flux beyond the spectral peak energy.
The observed harder spectral index beyond the spectral peak energy may be related with
the three-dimensional effect which due to that the line of sight of the observer passes the
outer gap. Also, because EGRET observed the photons around 10 GeV bands with a less
sensitivity, it is important to observe the γ-ray emissions around 10 GeV with a better
sensitivity. It will be done by GLAST.
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3.3 PSR 1951+32
PSR B1951+32 is one of the older γ-ray pulsars with the spin down age, τ ∼ 1.1×105 yr, and
has a stellar magnetic field of Bs ∼ 9.7 × 1011 Gauss. The property of the X-ray emissions
of B1951+32 is not constrained observationally, because the X-ray and soft γ-ray emissions
is so weak. For example, the X-ray emission property determined by ROSAT observations
(Safi-Harb et al. 1995) conflicts with the upper limits determined by the RXTE and ASCA
observations (Chang & Ho 1997; Chang & Guo 2000). We apply the theory to PSR B1951+32
to show the predicted spectrum from optical through γ-ray bands with the present model.
We infer the surface X-ray emissions of PSR B1951+32 from the values of the Geminga
pulsar, which is a γ-ray pulsar with a similar spin down age, τ ∼ 3 × 105 yr, with PSR
B1951+32. For the Geminga pulsar, the surface temperature is kTs = 0.043 keV with an
effective area Reff ∼ 13(d/0.12 kpc)2 (Kargaltsev et al. 2005), which means that the observed
thermal emissions are most likely emitted from the bulk of the neutron star surface. For PSR
B1951+32, therefore, we adopt the surface temperature kTs = 0.043 keV with an effective
radius Reff ∼ 13(d/2.5 kpc)2. We use an inclination angle of α = 65◦.
Figure 8 shows the calculated spectrum of the total emissions, which include the emissions
for the primary and the secondary particles. The solid line is the spectrum of the synchrotron
and the curvature radiation, and the dashed line shows the spectrum of the inverse -Compton
process. As the solid line shows, the present model predicts that the X-ray and soft γ-ray
emissions are so week to detect with the present instruments, and the result does not explain
the fluxes determined by ROSAT and COMPTEL. On the other hand, the present result is
consistent with the upper limits determined by the RXTE and ASCA observations. Above
100 MeV, the model spectrum explains the EGRET observations, and is consistent with the
upper limits determined by Whipple and MAGIC observations.
4 DISCUSSION
4.1 Phase resolved-spectrum
With the RXTE observations, Harding et al. (2002) proposed the spectral index s, which
is defined by Iν ∝ ν−s, of s ∼ 1 for the phase-resolved spectrum of the peak (Pk 2-soft in
figure 1 of Harding et al, 2002), which appears between the two peaks, whose phases are
aligned with the peak positions in γ-ray bands. As we discussed in section 3.1.4, the preset
model explains emission mechanism of RXTE Pk 2-soft with the synchrotron emissions of
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the ingoing particles, which create a peak (Figure 6, IP1) in the pulse profile. Although the
spectrum in Figure 4 is calculated using two-dimensional model, we may be able to read
the spectral index of the phase-resolved spectra of the peak IP1 from Figure 4 ( from the
slope of the thin dashed-dotted line in the right panel), which predicts the spectral index
s ∼ 0 for the IP1 emissions. For the reason of this discrepancy between the spectral indexes
of RXTE and the present model, we argue that the three-dimensional structure effects the
phase-resolved spectrum, and/or that RXTE observations might not determine the spectral
behavior in the X-ray bands very well due to a bright synchrotron X-ray nebula. The present
model predicts the inward synchrotron emissions for the ingoing primary particles (Figure 4,
the thin dashed line in the left panel) contribute to the spectrum in hard X-ray and soft
γ-ray bands. Therefore it is important to measure the phase-resolved spectra and the pulse
profiles of the Vela pulsar in the hard X-ray and soft γ-ray bands to see how the phase-
resolved spectra and the pulse profiles evolve.
4.2 Correlation between radio emission and the outer gap emission
Recently, the correlation between the arrival time of the radio emissions and the shape of
the non-thermal X-ray pulse profile of the Vela pulsar was discovered (Lommen et al. 2007).
Although the radio emission mechanism has not been understood well, the polarization mea-
surement indicates a correlation between the magnetic field geometry of the polar cap region
and the swing of the position angle of the polarization of the radio emissions. Therefore, the
polar cap accelerator model as the origin of the radio emissions from the pulsar has been
widely accepted. A magnetospheric model having both the polar cap accelerator and the
outer gap accelerator has been proposed upon request to balance between the energy loss
rate and the angular momentum loss rate, which is equal to the energy loss rate divided
by the angular velocity of the star, of the global magnetosphere (Shibata 1991; 1995). Al-
though the polar cap accelerator and the outer gap accelerator can not exist on the same
magnetic field lines because of the different current directions in the polar cap and outer
gap accelerators, the polar cap accelerator affects the outer gap accelerator to obtain the
torque balance. According to this model, therefore, even though the non-thermal X-rays
originate from the outer gap accelerator, some correlations between X-ray emissions and the
radio emission are expected. Furthermore, the present model also predicts that the outer gap
accelerator affects the polar cap accelerator with the inward emissions, which pass near the
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stellar surface. The inward emissions will affect the circumstance around polar cap region
through the pair-creation process and/or the scattering process.
4.3 Inward emissions from the Crab pulsar
Unlike the Vela pulsar, the Crab pulsar has only two peaks in the pule profile in optical
through γ-ray bands. This indicates that the observed emissions of the Crab pulsar are
dominated by the outward emissions in whole energy bands. For the Crab pulsar, the photons
above 1 GeV emitted via the curvature radiation in the outer gap are converted into the
pairs outside the gap by the pair-creation process by the magnetospheric X-ray photons
emitted by the secondary pairs. Outer gap model predicts the synchrotron and the inverse -
Compton processes of the secondary pairs explain the observed emissions in optical through
γ-ray bands. As we discussed in section 3.1.3 (Figure 4,right), the outward synchrotron
radiation by the outgoing secondary pairs created by the magnetospheric X-rays is much
brighter than the inward synchrotron radiation, because the outgoing γ-rays emitted by the
curvature radiation is much more than the ingoing γ-rays. For the Crab pulsar, therefore,
we can expect that the outgoing secondary pairs produce the observed spectrum with the
synchrotron and the inverse -Compton process. Because the flux of the outward emissions
of the secondary particles is much (say one or two order) larger than that of the inward
emissions, the pulse profiles have strong two peaks in a single period in optical through
γ-ray bands for the Crab pulsar. Although we expect contribution of the inward emissions
at off-pulse phase, it must be difficult to separate the tiny flux of the inward emissions from
off-pulse outward emissions inside null charge surface and/or from the strong background
emissions from the synchrotron nebula.
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